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Abstract

In the literature, few topics deal with the generality of geometric characterization of
this application. Obviously, this is not a strange application. For a direct view, it is very easy
to give a conjecture that it looks like the sum of a direct similarity and of an indirect
similarity. However, by making some in-depth studies concerning the properties diffuse
geometrics in this application this is not quite the case. Subsequently, this paper will explain
some rich geometric properties provided by this application.

Keywords: Generalized similarity, oblique and orthogonal symmetry, analytic and complex
expressions, geometric characterization of a complex application.

1. Introduction

Calculation is thus born with writing, or more exactly the first writing concerns the
books of accounts, which give a "concrete" side. Geometry predates algebra by several
thousand years (Houston (2009), EduSCOL (2009), E. Albert (1993), Maury (1994), Payot.
(1913), POLYA. (1965), Richard (2005), Dumont (2004)). We agree to situate the
transition between a geometry of pure form and a geometry subjected to the analysis of
numbers between Egypt and Greece. Pythagoras, like the others, inherits the problems
posed by geometers. Geometry is the first tangible form of abstract intelligence, and Egypt



Design And Characterisation of Generalised Similarity; Ahmad | 1057

is its first high school (Shabert (1990), Malis et Vargas (2007), Semple et Kneebone (1952),
Faugeras (1992)). She is the Science that studies built with sacred geometry. Categorically,
the scientific method is always to find the determinisms acting on the creature, on the
mathematical tools using the mathematical tools to simplify or generate our professional
life. Subsequently, in the context of Euclidean geometry, several results are already
discovered and already influencing the way designers design their activities (Shabert (1990),
UNESCO (2011), Devlin (2012), Houston (2009)). Principles are added to clarify the
numerous scientific results (Siegel (1989), Huybrechts (2005), Hartshorne (1977), Griffiths
et Harris (1993), Fay (1993)). This is the reas on why in this paper, we will be interested in
the generalized study of the characterization of the complex application f such as f(z) =
Az + Bz + C. Indeed, in the literature, thissubject remains still on the trail of investigative
prospects. Presumably, his misleading expression gives us his as pect as the sum of direct
and indirect similarity. However, after some extensive studies concerning its rich diffuse
geometric properties in this one, several geometric and interesting results were revealed in
this paper. These results were effectively revealed during a real culture by the manipulation
of the compositions of some isometries and the conception of fixed point theorem (Jacquier
(2012), Moakher (2002), Benhimane et Malis (2004), Malis et Chaumette (2002), Y. Fang
et de Queiroz (2002)). The rest of this paper is organized as follows: the 2 section remender
the notion of vectoriel space, the section 3 recalls some necessary tools in this theory; the
section 4 concerns the notion of fixed point of the complex map f; the 5 section introduced
the concept of oblique and orthogonal symmetry: complex and analytic expressions; the 6
section consists of talking about the inverse problem of the 5 section; the section 7 concerns
the geometric properties of f apart from the proper oblique symmetry; the 8 section gives
the applications and the 9 section presents a conclusion and perspectives.

2. Vector space

A vector space is a set whose elements, vectors, can be added and multiplied by
scalars. Over a given field, vector spaces are classified by their dimension, by definition the
cardinal of any basis. An affine space is informally a vector space for which the position of
the null vector has been forgotten. This structure allows us to speak of linearity. More
mathematically, we have:

Definition 1. Let K be a field. We say (E,B) is a Kwector space if (E,@D)is an abelian
group and if is an external law on E having K as operator domain, verifying the following four points
V(A u) € K2 V(x, y) € E? we have :

L 1g®x = x;

i. 1Py =U1Qx) D 1Ry);
iii. AQuWRx=1Q (u® x);

v. AOWRx=ULAQx)D (u x).

Remark 1. Note that My, ,, (K) is the set of matrices n rows and p columns which constitute

a wvector space of dimension np. More specifically, M, (IK) is the set of square matrices constituting
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a vector space of dimension n’. Thus, My(K) is the set of square matrices which constitute a vector

space of dimension 4.

Theorem 1. Any free system consisting of n vectors in a vector space E of dimensions’ n
constitutes a basis of this space.

3. Reminders on the complex presentation of plane transformations

Provide the plane P with an orthonormal reference have (0, T, J). Set C is the field
of complex numbers. The following theorem constitutes the basic principle of this present

theory (Dana-Picard (2003), Birkenhake et Lange (1992), Adler et Vanhaecke (2004)).

Theorem 2. At any point M(a; b) of P, we can associate the complex number = a+ib, where
(a; b)€ R? and reciprocally.

This simply follows from the fact that the application:

g: P -0
M(a,b)l—) z=a+ib
(1
is a bijection whose inverse bijection is:
g Ug—->P~P
z=a+inM(a,b)
2)

» Vocabulary
e point M(g; b) is called the image of the complex number z = a + ib;
e complex number z = a + ib is called the affix of the point M(q; b);
e we often denote z = affixe(M) or z= aff(M);

e to any complex number z = a + bi (with a and b reals), we can associate the

=la
vector U |,.
b

Axis of pure imaginaries The affix is often noted
U / between brackets to the
. right of the point or vector
L P,/ M(z)

i)

> Axis of reals

\
e
i

FIG. 1: Geometric representation of a complex number
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Thus, we can then associate to any transformation h of the plan P a transformation

h of the field C on itself

according to the following commutative diagram:

h
P - P
g'T = lg
h
[ — [

3)

Diagram (3) confirms that h= gohog™?! transforms the whole result of the algebraic
calculation of C into P, and

h = g~'ohog all the geometric operations of the complex number plane (Saff et
Snider (1993), Berger (1994)). Hence the following theorem.

Theorem 3. With the notation of the commutative diagram (3), h is a one-to-one

correspondence of the plane P on itself if, and only if, h is a one-to-one correspondence from C to itself.

Remark 2. 1. Any bijective affine application h is associated with one and only one complex
bijection h.
2. The advantage of working in C is the ability to make algebraic operations work defining the

field C, which is impossible to do in the plane P.

3. Thus, one can transport a geometric problem of P in the field C to constitute said geometry
complex numbers.

Hence the interest of the above theorem.

Taking into account the bijection between the applications g and g=! and the
commutative diagram (3), we will

see the analytical and complex expressions of the oblique symmetry which is diffuse
in this complex application

f. In besides, we will relate the rich geometrical properties provided by f.

3.1.  Application in mathematics

We consider here a normed vector space endowed with an orthonormal basis
(0, 7, J). In this space, an application is a relation between two sets of values for which
each element of the first (called starting set or source) is linked to a single element of the
second. The term competes with that of function, although this sometimes refers more
specifically to applications whose purpose is a set of numbers and sometimes, on the
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contrary, encompasses more broadly the relations for which each element of the starting
set is connected to at most one element of the target set. An application can have non-
numeric values, like the one that associates each student in a class with their day of birth,
or the application that each card of a deck of 32 cards associates its color. It can be injective
or surjective depending on the uniqueness or the existence of an antecedent for each
element of the target set. An application with these two properties is a bijection, which
then admits a reciprocal application. Consequently, in an affine plane with an orthonormal
frame (0, 1, J) we define a complex application f by:

f: 0 -0
ZI—)f(Z):ﬂZ-F@;-FC

Notice that, in this paper, our work focuses on the geometric characterization of the
application f as a result, we will immediately begin subsection (4) which will introduce the
notion of its fixed point which is the axiomatic bas is of our study.

3.2. A few reminders about plane isometries

Definition 2. In geometry, an isometry is a transformation that preserves lengths. She is then
a case particular similarity. The term isometry is sometimes a bit vague. It can refer to two separate
terms. An isometry may refer to:

1. a vector isometry, it will then be more prudent to speak of unitary transformation
or, if the space of departure and arrival are equal, of orthogonal automorphic;

2. an affine isometry, i.e. a one-to-one transformation of an affine Euclidean space
into another which keeps distance. We generalize this notion to bijective
transformations of a metric space in another that preserves distances.

Generally speaking, an application of the plane to itself is an isometry if it preserves
distances. That is, if M'N' = MN for all points M and N of the respective image plane M’
and N'.

Theorem 4. The identity of the plane, the translations, the orthogonal symmetries and the
rotations are isometries. The images of two distinct points of the plane by an isometry are two distinct
points.

Theorem 5. An application of the plane to itself is an isometry if and only if it preserves the
product scalar. An application of the plane is said to be an isometry, if and only if AB.AC =
A'B'. A'C’ for all points A and C respective images A’ and C’.

Theorem 6. An isometry preserves the barycenter of two points. In particular, an isometry
preserves the middle of a segment.

Corollary 1.
a. Image of a line by an isometry is a line.

b. Image of a segment by an isometry is a segment which is isometric to it.
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c. Images of two parallel lines by an isometry are two parallel lines. We say that an isometry
maintain parallelism.

d. Image of a parallelogram by an isometry is a parallelogram.

e. Images of two perpendicular lines by an isometry are two perpendicular lines (one says that
an isometry preserves orthogonality).

f.  Image of a circle by an isometry is a circle which is isometric to it.

g Image by an isometry of the tangent at a point M to a circle is the tangent to the image
circle, at point M" image of M. An isometry is said to preserve contact.

3.3. Notations involved

In the following, next notations are put into play, and all the notations indexed by
the letters oq could take on different values in each of the cases studied. In fact, it means «
associated with symmetry any oblique ».

Y

A, B, C: the respective images of the A, B, C complex numbers such as A(as; by);B(az;
b2); Clxo; yo);

the sum of the l—jA+B = 0A + OB vectors;
A: the complex number relating to the f application, such as A = a; + iby;

A op: complex number relating to the f,, application;

YV V V V

Apq: complex number relating to the f,, application, such as Ayq = 0 + ibgq:
where by; < 05

B: the complex number relating to the f application, such as B = a, + iby;
B,p: complex number relating to the f,, application;

Byq: complex number relating to the f,, application, such as Byq = gz + ibg;
B,r: complex number relating to the f,, application;

C: complex number relating to the f application, such as C = xo + iyo;

Cop: complex number relating to the f,, application;

Coq: complex number relating to the f,, application;

Coq: complex number relating to the £, application;

Inv(f): set of invariant points of the f complex application;

Inv(f.;): set of invariant points of the f,, complex application;

Inv(f,,): set of invariant points of the f,, complex application;

HI: identity of the complex application;

YV V.V V V V V V V V VYV V V

f»: application relative to positive isometry;
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>

>
>
>

YV V. V V V V V V V

Y

V V¥V V V V V VY

f.: application relative to negative isometry;
fo: expression of the f application relative to the proper oblique symmetry;
foi: expression of the f application relative to any fob oblique symmetry other than;

for: application relating to orthogonal symmetry extracted from the fob application
5

f]{(woqrpp): homothety with wyq center and p,, ratio, with p, = /[A[* — |B|?;
H (@oqpn )’ the homothety with wyq center and p, ratio, with p, =
VIBIZ = |Al%

K = Ms,, : matrix relating to the orthogonal symmetry as for x'Ox;

L(R?): set of lenear applications in RZ;

z: complex number, such as z = x + iy, with image’s point M(x, y);

z': complex number, such as z’ = x’" + iy’, with image’s point M'(x’,y");

a and @: two axiomatic angles associated with the f application;

Qop and @, : two angles associated with the f,, complex application;

Aor and @, : two angles associated with the f,, application;

@oq and @,4 ¢ two angles associated with the f,, application ;

A, : axis of an axiomatic of an oblique symmetry relative to the { complex
application : A, : ax + by + ¢ = 0;

A,p: axis of an oblique symmetry relative to the fob complex application;

Awoq//ox: axis of an orthogonal symmetry passing by w,q parallel to x’Ox;

90q : axis of an oblique symmetry relative to the f,, complex
(0q, woq, T%xlox)

application passing by w,4 making an angle g as for the x'Ox;

Aq: axis of an oblique symmetry relative to the f,, complex application forming an
angle @4 as for the x'Ox axis;

A, axis of an orthogonal symmetry extracted from fop;

@or: angle associated with the f,, complex application;

w: an invariant points of the f complex application;

W,p: an invariant point of the fob complex application;

Pn: tatio of Hi,, , ) relative to detMi.; < 0;

pp: ratio of H pp) relative to detM.,> 05

Woq: an invariant point of the f,; complex application.
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> S ( : orthogonal symmetry as for A,qto the axis bay through w,q and

A(oq, woq/x10%))
parallel to the x'Ox axis;

> S
(A
6
forming an angle % relative to the x'Ox axis;

» I, J, K L: matrix such as [ = (1 O), J = (0 _1), K = (1 0 ), L=

0 1 1 0 0 -1
((1) é)sothat

[}
(0q, woq. gq%x’ox)

): orthogonal symmetry as for Ayq axis passing by wyq and

TAB. 1: The two by two product to the left of these matrix

Starting from theorem 1, it is then clear that I, J, K, L constitute a basis of M, (R).
Hence, any matrix M € M, (R) can be written uniquely as a linear combination of I, J, K,

L.
In effect,
> :R(eoq'(‘-’oq): rotation with 6,, angle and wygcenter. This matrix is Mg,, =
(sin@oq —€050,4
cosB,q  sinby,
IcosB,q + JsinByq with determinant 1;

) here matrix relating to this rotation so that Mg,, =

» M142) : matrix relating to the linear part of the f application such as: M; =

a, —b a, —b
<bi all) and M, = (bi a;). In fact, Muszy = ail + b + a;K + b;L of

determinant : detMj+) = |A|? — |B|?.

» M (q1442): matrix relating to the oblique symmetry of expression fob such as: Mgy =

0 -b agz —bg2
(bql Oql) and Mg, = (bzz aqz ) Actually, My = by + a2K + bl of

determinant : detM /4 = |A|? — | B|?; numerically is always equal -1;
> M51452): matrix relating to the oblique symmetry of expression fob such as: Mg, =

( 0 _bSI) and M, = <a52 —bsz)' Actually, M¢rwszy = b + aK + bl of
bsl 0 bsz Asz

determinant : detM 4742 = |A|? — |B|?, numerically is always equal -1;

> Mg, ,,: Mmatrix relating to the f,p application;

Starting from the expression M .2)= a;l + bJ + a;K + b,L, we see that the matrix M;+2)
(right part of this equality) represents a linear map and the quantity aJ + bJ + a-K + b,L
(left part) represents a generalized similarity. Hence the following theorem.

Theorem 7. Any mapping f € L(R?) can be considered generalized similarity.
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Indeed, let A, B, C be three points of P with respective affixes A = a; + ib;, B =a; +
iby, C = xo + iyo, and f(z) = 2" = (a; + ib))z + (az + ib2)Z + xo + iyo of analytic expression:

{x'=(al +a2)x+(—b1 +b2)y+x0 =apx+a,y+Xx,
y'=(b+b,)x+(a —a,) y+x, =ay X +ayy+,

4)
Moreover, if we put
(all a12j=(al _le_’_[az b, J
as Ay bl a, bz —a,
:l( a, +a,, alz_a21j+l[a11_a22 a,, ta, j
2 —a,, +a, a, +a,, 2 a;, +a,, —a,, +a,
1 1 1 1
=—(a, +ay)l+—=(—a,+ay,)J+—(a,—ay,)K+—(a,+a, )L
2 2 2 2
5)

then,

a a X 1 . 1 ; = j
( \ 12]+[ OJHEE(CIH+a22)+1(—a12+a21)]z+5[(a”—a22)+z(a12+a21):|2+x0+ly0

a; Ay Yo
4. Fixed point of f application

Let us denote by w this point ; so generally speaking, its affix z,, has the expression:

BC+C(1-4)
Zw = 2 2
1-2Re(A)+|A] - |5
(6)
The expression of the affix of this fixed point leads us to derive the following theorem
8).
Theorem 8. 1. If 1 —2Re(A) + |A|?> — |B|? # 0, then this point is unique such as:
;= BC—-C(1-A)
w

T 1-Re(A)+|A|2-|B|2’

2. if 1—2Re(A)+ |A|I> = |B|? =0 and BC —C(1 —A) =0 then there is an
infinity of fixed points ;

3.if1—2Re(A) + |A|?> — |B|? = 0 and BC — C(1 — A) # 0, then this point does

not exist.
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Corollary 2. Any f complex application satisfying condition (2) admits the set of invariant
points noted Inv such as:

x[1=Re(A+B)]+ y[ 1m(A-B)]=Re(C)

U
)

—x[Im(A+B)]+ y[1-Re(A-B)]=Im(C)

Inv(f) :

These equations are homogeneous. One can then use one of them. However, we
would again use the expression general rule if there is ambiguity on the choice of an
invariant point.

Inv(f): x[1 — Re(A + B)] + ylIm(A — B)] — x[Im(A + B)] + y[1 —
Re(A — B)] = Re(C) + Im(C).

Remark 3. Notice that these three conditions constitute as axiomatic ideas of this present
research.

5. Oblique and orthogonal symmetry: complex and analytical expressions
In a plane P, we consider the line (Ay) : ax + by + ¢ = 0, ﬁ(—b, a), its direction
vector so that zj5 = pe'? where sing = \/ﬁ, and cosg = \/% , it is then obvious
that, (Ag) : xsing — ycosp + u = 0, where yu = \/ﬁ. Line (Ag) makes an angle ¢ as

for the (0, 7) axis, and the oblique symmetry is directed by vector V(COS((p -
a), sin(p — a)) forming an angle @ as for the (A,) axis (Cf. Figure 2).

M

0

FIG. 2: Oblique symmetry directed by a vector as for to a line

x'+x  yr+y

As I is the middle of segment [MM'], it follows that I ( ST ), 1 €A,

Point I € A is equivalent to:
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(x" + x)sing — (y' + y)cosp +2u =0

(7)
What’s more MM'// V, then we have the equation:
(x" = x)sin(p —a) — (y' —y)cos(p —a) =0
®)

Two relations (7) and (8) leads us to have the expression (9) called the general
analytical expression of the symmetry of the axis Ay and the angle a = (W, _lf) defined

o1 . B 3 . 3 ~
x'= Sina[sm(qu a)x (cosa+sm(2(p a))y+2,ucos(¢) a)]
1 o 3 . - . ~
y'= sina[(cosa sin (2¢ a))x sin(2p—a)y+2usin(p a)]
©)
Or, in matrix form, we have:
(x'j——; sin(2¢p—«a) —(cosa +sin(2p-a)) [x]_ 1 (2ucos(p—a)
') sina (cosa—sin(Z@—a)) —sin(2¢p-a) v) sina|2usin(p-a)
(10)
From the expression (9), we can get the complex expression (11) defined by:
v 1 . N _ - 2u _ . _
z'=—i(cotar)z Sinal:sm(2¢ a)—icos(2¢ a):|z Sina[cos((p a)+isin(¢ a):l
=—i(cota)z+— ei(%mpﬂ) _?_“ei(wfa)
sina sina
(11)
Either still form as written on the title:
fob (z) = AopZ + BopZ + Cop
(12)

Theorem 9. For any f application, if A is pure negative imaginary and 1 + |A|?> — |B|? =
0 and BC — C(1 — A) = 0, then f becom f,, which represents an oblique symmetry generated by

the line (Ag) : ax + by + ¢ =0 which is equivalent to (A,p) * (x — xZ“’ob) sing,, —
(y - yzwob) cos@,p = 0 making an angle @,p, by relative to the (0, 1) axis, directed by a
vector m(cos(q)ob — aop), SiN(Pop — Aop)) forming an angle ), as for to an axis (A,p) :
(x - xzwob) sin@p — (y - yzwob) cos@,p = 0, with analytical expression (13) and with

complex expression (15).
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1

= in(2¢—a)x— in(2¢— 2 _
x'=———[sin(2p—a)x—(cosa+sin(2p-a))y+2ucos(p-a)]
y'==——|(cosa—sin(2p—a))x—sin(2p-a)y+2usin(p-a)]
(13)
Let be:
M 1 Sin(Z(/Jub —aub) —(COS a, +sin(2gavb -a,, ))
“fr sing (cosaob—sin(2g00,,—a,,,,)) —sin(2¢,, —a,,)
(14)
=i L - s 2u -
z'=—i(cote,, )z S [sin(20,,-a,,)—icos(20,,~a,,)]|z- St [cos(g,, —a,,)+isin(p, -a,)]
=—i(cota,,)z+— 1 ei[TZ'ﬂ"”*a””]_ .2,U Hom=au)
sina,, sina,,
(15)

Theorem 10. Any f,, application admits a set of invariant points with equation
Inv(f,,) such as:

Inv(f,p): x[1 —Re(Byp)] + ylIm(Ayp — Bop)] = Re(Cop);
Inv(fob): - x[lm(‘ﬂob + Bob)] + y[l - Re(Bob)] = Im(Cop);

Inv(f,p): x[1 — Re(Bop) + Im(Ayp + Bop)] + y[1 — Re(Bop,) — Im(A,p —
Bob)] = Re(Cop) + Im(Cyp).

Proposition 1. For any invariant point Inv(f,}), we can choose an invariant point w,p,
extracted from this line as a center put into play during all the operations carried out.

Remark 4. Notice that it is very easy to verify that the last expression (11) indeed satisfies the
three relations if 1 — 2Re(Ap) + |Aopl? — 1Bop|? = 0 and B, Cop — Cop(1 — App) =
0 and Re(A,p) = 0, those which constitute as necessary conditions f to be fop.

Theorem 11. Any oblique symmetry is always characterized by its direction vector V,p, its
axis of symmetry (Agyp) : (x — xwob)sin(pob — (y — y(uob)COS(Pob =0 and its angle a,p, :

such as ) (m, m) where U—ol; (cosa,p, sina,p) is the director vector of (A,p) (Cf. figure
10).
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M

N

FIG. 3: Oblique symmetry

Remark 5. These three cases lead us to have a method allowing to find the coefficients a, b, ¢
generating the

expression of (Ag) : ax + by + ¢ = 0 if the f,}, application is given beforehand.

6. Inverse problem (of section 5)

We already think of answering the question: given the complex expression of a
relative symmetry to the f,;, application of (4y) : ax + by + ¢ = 0 axis, then « how can
we calculate the coefficients a, b, c allowing to give the expression of (Ag) : ax + by + ¢ =
0?7 ». In general, it is a bit cumbersome to work with the direct search for these coefficients.
Notice that the three conditions in Remark 4 confirm that fob admits an infinity of fixed
points. This means that it admits a set denoted Inv(f,;,) of invariant points such as
Inv(fop): x[1 — Re(B,p) + Im(Aop + Bop)] + y[1 — Re(Bop) — Im(Agp —
Bop)] = Re(C,p) + Im(C,p). From this equation, we can easily choose w,j, belongs to
line. Assuming that the line (A,) passes through w,, and parallel to the vector
U—Ol; (cosa,p, sina,y), it follows that this line is equivalent to (A,p) : (x -
xwob)simpob — (y — ywob)cosgoob = (0. With the expression for f,,, we can easily
determine the angle @,;, and @,}, to structure the equation of (A,;) according to the two
following relations:

ob -
sma,,

T
arg @ob = 5 + 2¢)ob - aob
(16)

We now have a method to find the equation of the line (A,,) if the complex
expression of the oblique symmetry is already given previously in the form (15).

In fact, these three relations lead us to conclude that:
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sina , = !
ob |@Ob|

1 T
¢0b = 5 arg (Bob - E + aob
(17)

Corollary 3. If a,p = km, where k € Z, then the oblique symmetry does not exist. However,
if agp = g, then we obtain orthogonal symmetry.

(Aor)

m
Aoy = =
oM Q E o)

FIG. 4: Orthogonal axis symmetry (A,p)

On this subject, compared to the results above, more particularly Theorem 9, one
can immediately draw the subsequent inductions.

Expression (9) becomes (18) defined by:

x'=xcos2¢, +ysin2¢, —2using,
y'=xsin2¢, —ycos2¢, +2ucos@,,
(18)

Or, in matrix form, we have:
x' cos2¢,  sin2e,, x —sing,,
=| . +2u
y' sin2¢, —cos2¢, )\ y cos@,,

On this subject, we have the analytic expression of axis orthogonal symmetry A
defined on (18) above. Through elsewhere, the expression (18) leads us to have the
expression (20) called the complex expression of the said symmetry defined by:

(19)

z'=(cos2¢,, +isin2¢, )z +2iu(cos g, +ising,,)

g = )
=% z 42 e

(20)

From where,

for (Z) — e[2¢or 2 + 2ﬂe[¢or

Finally, the expression (17) can be written in forms (21) defined by:
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T
cCar’ =%
2
= l arg B
¢OI‘ 2 g or

21

Theorem 12. Any orthogonal symmetry generated by the line (Ag) : ax + by + ¢ =
0, has for expressions analytical and complex in forms (23) or (23) and (24) or (25) defined
by:

x'= ﬁ[(dz —bz)x+2aby+2ac]
y'zﬁ[hsz—(az —bz)y+2bc}
(22)
ie.
z'= = ibz |:(a2 -b*+ 2iab)2 +2ac+ 2ibc:|
=®,z+C,
(23)
Or
{x' =xcos2¢@, +ysin2¢, —2using,,
y'=xsin2¢, —ycos2¢, +2ucos@,,
(24)
Or
z'=(cos2p,, +isin2¢, )z+2iu(cosp, +sing,)
e
(25)

Remark 6. Using the expression (24), we can easily find the coefficients (a; b; c) using the
following relations:

Re(,) =~ ;‘Z
()=~
Re(C,)) = —— e
Im(c,) ==

(26)

Remark 7. Notice that we can also display the expression of the line (A,,) generating the
expression (20) which is equivalent to (Ag) : ax + by + ¢ = 0 if the expression (20) is available

C 1 .
using the relations |2_| and Qo = > arg Boy so that (Apr): xSinQy, + yxcos@,, = 0.
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Example 1. It is very easy to check that the analytic and complex expressions of the
orthogonal symmetry generated

by the line (Ag): y = 2x + 3 are such as:

x'=—%[3x—4y+12]

y':—é[—4x—3y—6]

27

z'=—%[(3—4i);+12—6i]
(28)

7. Geometric properties of fapart from proper oblique symmetry

In this section, we are interested in geometrically characterizing the f application, at
the margin of f,p, according to the possible cases concerning the situations of determinants
of M1+ and fixed point of f.

7.1. Trivial case A =00rB =0
Theorem 13. 1. If B = 0 and A # 0, then this application represents a direct similarity.

3. If A =0and B # 0, then this application represents an indirect similarity.

In fact, the proof is obvious by already knowing the rich geometric properties

BC+C .
=t and if B =0,

regarding these two transformations namely, if A = 0, then z, =

then z,, = r— The two expressions represent respectively the center of indirect similarity

and that of the direct similarity. In what follows, our study consists in examining the cases

where A # 0 and B # 0.

7.2. Case where detM147) < 0

This case confirms that M;+2) is decomposing into a homothetic with _n positive ratio
and two isometries one of which is positive and the other is negative. That is to say f can
be written in the form : f = fyofy, where f, = }[(woq’pp)oﬂe(eoq’woq) and f, = foq-
Using the expression of M(:2 and M+, this composition is equivalent to M 42) =
Pn X Mg, X M(q1+q2) where:
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al +b.J +a,K +b,L = p,(Icos0,, +Jsin6, )(Jb, +Ka ,+Lb,,)
= p,[—1b,sin@,, +Jb, cosO,, +K(aq2 cos@, —b,,sin Huq)
+ L(qu cos@, +a,sind,, )]

(29)

Indeed, this equation is of unknowns  pp,bg1,aq2, bg2,6pq- So that, by

identification, we have:

a
3 —_ 1
b,sin0@, =——

pll

b

b cosO, =—-

q9 oq

pn
. a,
a,cos6, —b,,sinf, =—=
p’l
ing,, +b 0, =4
a,sin@, +b,cosl, =—
pﬂ

(30)

The relation (30) leads us to have the relation (31) defined by:

P =8l |
b =14
’ |8 —|af
sing, = %f)
cos@, =— ]nll/(q/lq)
" - _ Re(B)1m(A)—Im(B)Re(A)
” £, 14|
L Re(A)Re(B)+ 1m(A) 1 (B)
” £, 1A

31

What’s more,

AB =[®Re(A)+itm(A) ][ Re(B)-itm ()]
= Re (A)Re (B)+ 1m (A) Im (B) +i[ Re(B) 1m (A)-Re (A) 1m(B) ]
(32)
On the other hand,
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mn(A)  ®e(A) :i[ﬁe(ﬂ)ﬂm(ﬂ)J

cos@ +isinf, =-— i
! Y 1 1 A
(34)
The three relations (31), (32) and (33) lead us to have the relations (35) defined by:
o =l AT
sind,, = (Ke(ﬂ)
4|
cos 6’Oq =— Im(ﬂ)
4]
0,, =arg(ﬂ)+%
()
VN
Yy Re(AB)
VN
(35)

A- Case where fadmits a fixed point
In the case where f admits a fixed point z, (1 — 2Re(A) + |A|? — |B|? # 0), and
given the decomposition of M4y = pp X Mg,, X M(g1+42) resulting in the result of

expression (36), then we have:

z'-z, =}l(z-zw)+@(z-zw)

(36)
Let us recall in passing that
H((uoq ,p”) (Z) = pn (Z - Zw(,q )+ Z(qu
R( )(Z):eiguq (Z—Zw )+Zw
fog(2)=1ib,, (Z -2, )Z + (aq2 +ib,, )(Z -2, ) +z,
(37)
Then,
i49,q
R(”Oq '“’W)Of;q (Z) = (f;)q (Z) h Zwoq ) + Zwutl
i6,,
(w"q’p”)ORl("oq v‘“oq}Qf;q (Z) - pn (e (foq (Z) - Zwﬂq ) + Zwaq - Zw,,q ) * Zcu(;'/

(38)
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Given this relationship, for w,; = @ we have:

p, | % |ib (Z-Z )Z+(a +ib )(z-z )+Z -z, |\+z, -z, |+z
n ql Wey q2 q2 @, o o o @,

oq

Soq
®,

(fog )(2)

(0o o)

9 (c0g.n) [‘R(ﬂﬂq w0q) (foq )}(2)
(39)

From where:

f(Z):j'[( )O(R,

(00g @0q

(@)

Dog>Pn

Theorem 14. If detM(;4) < 0, then for any given f complex application, the two angles
Aoq and Qoq associated with the foq complex application which is extracted from f are such as

/A2 —|B|? 1 —
Upqg = %and Poq = %+ Earg(c/lB) —g.

Theorem 15. If detM(;4,) < 0 0 and z,, (1 — 2Re(A) + |A|? — |B|? # 0) exists
and is unique, then the f complex application is the composite of f,q oblique symmetry directed by the
vector @) (COS((qu - aoq), Sin((poq - aoq)) which makes the angle @,q such as sin @pq =

A2 —|B|?
Al .
of the center Woq, the angle 8,4 such as 8,4 = arg(A) + 3 and by homothetic of the center wyq

as for to an axis A,q making the angle @oq as for to an axis (0, ©) by the rotation

and the ratio py,.

Example 2. Let f be the complex application defined by : f(z) = (1 + i\/§)z +
[—\/§ -1+ l(\/§ - 1)]2_ + 2 — /3 —iV3. It is very easy to verify graphically that f is the
composite of the oblique symmetry foq defined by: f,q (z) = —iz + (1 — i)Z directed by the vector
V(0, 1) which makes the angle apq = % relative to Ayg ¢ Yy = X axis, making the angle @,q =
% relative to (0, T) axis, by the rotation of center woq(1,1) and of angle By, =% and the

homothetic with ratio p, = 2 and with center Wygq.

It is very easy to verify directly that the image of point M;(—1, 1) is point
M'1(1 + 2+/3, 3) = f(M,). This result is well proven in Figure 5. It can also be verified
using expressions (39). This result is well proven in Figure 5. It can also be verified using
expressions (40).

3 {Au'f} M
H,,q(ﬁ'f;;] - f(-n-{l)
| M;
: Rog(Ma) = M
y i V{1,0)
‘ w Foq(My) = M >
0
1 0 1 2 3 2 5 6 H &
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FIG. 5: Figure corresponding to Example 2.

)(z)=22—1—i

(@og-n

Riagop) () = 1 |:(\/§+i)z+3—\/§+i(1_\/§):|

T2
fuq(z)z—iz+(—l+i)2 ofaxisy:x;?(o,l)

(40)
From where, f(2) = f]‘[(woq, pn) © R(woq,goq)ofoq (2).

B- Case where 1 —2Re(A) + |A|? = |B|? =0and BCE—C(1—-A) =0

As we have already announced in paragraph 4, these two cases tell us that the f
complex application admits an infinity of fixed points. It is then clear from Corollary 2
that f has the set of points invariants of which Inv(foq) defined by nv(f):x[1 —
Re(A + B)] + ylIm(A — B)] — x[Im(A + B)] + y[1 — Re(A — B)] = Re(C) +
Im(C). We can then choose one of this bridge whose wyq. Which means that:

(41)
iggq b + + b " _ 4 N
pn e 1 q1 zZ- Zwuq z Clqz l 42 z- Z‘%q Zwuq Zwm] Zwuq _ Zwuq Zwaq
Joq
R, (fogX(2)
- ( oq '“’oq) |
}f(’"oq ) {R(eoq 00q) (Joq )}(Z )
(42)
From where:
z)=H, 0 of (z
f( ) (“’oq»l’n) R’(yml oq) f;)q( )

Theorem 15. If detM(147) < 0 and z,, and 1 —2Re(A) + |A|* — |B|* = 0 and
BC — C(1 —A) =0, then the f complex application is the composite of foq oblique symmetry

directed by the vector E (COS((poqaoq), Sin((poq - aoq)) which makes the angle a4 such as
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V1Al%2=|B|?
[Al .

the rotation of the center Wy, the angle 8,4 such as 8,4 = arg (A) + > and by homothetic of the

Sin Qpq = as for to an axis A,q making the angle @,q as for to an axis (0, 7V) by

center Wyq and the ratio py,.

Example 3. Let f be the complex application defined by : f(z) =iz + (1 +i)Z + 2i. Itis
very easy to verify graphically that f is the composite of the oblique symmetry foq defined by: foq (z2) =
—iz+ (=1 —i)Z — 4 — 4i directed by the vector ]7(—1, —1) which makes the angle Aoq = %
relative to Ayq + X + 2 = 0 axis, making the angle ¢, = % relative to (0, 1) axis, by the rotation
of center Wyq(1,1) and of angle 8,4 = 1 and the homothetic with ratio p, = 1 and with center
Woq-

It is very easy to verify directly that the image of point My(0, 0) is point
M'y(0, 2) = f(M,). This result is well proven in Figure 6. It can also be verified using
expressions (43).

H,q(M2) = f(Mp)

2 ,\[[
My

M,
.fl)l'(j\I“) = ]\Il

FIG. 6: Figure corresponding to Example 3.
j{(wm,,pﬂ)(z) =z—1-1i
R(wm,,pn) (z)=—2z—-4-2i
fo,(2) =—iz+(=1-i)z—4—4i ofaxis x+2=0;V(-1,-1)
(43)

From where, f(z) = H(woq pn) © R(woq,eoq)ofoq (2).
C- Case where 1 —2Re(A) + |A|? = |B|? =0 and BCE—C(1—-A) # 0

Paragraph 4 has already confirmed that this case corresponds to the non-existence of
a fixed point of the corresponding f complex application. In this case, we are going to
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construct a complex constant C, so that BC, — C,(1 — A) = 0. It is then clear from
Corollary 2 that f has the set of invariant points whose nv(f) defined by
nv(f): x[1 — Re(A + B)] + y[Im(A — B)] — x[Im(A + B)] + y[1 — Re(A —

B)] = Re(C,) + Im(C,). We can then choose one of this bridge whose w,q. Hence the
theorem following.

Theorem 17. For any f complex application, if 1 — 2Re(A) + |A|?> — |B|?> = 0 and
BC — C(1 — A) # 0, then there exists C, = ik(1 + B — A) where k € R* werifying BC, —
C,(1—A)=0suchas f(z) =Az+ Bz+C,+ C — C,.

Given the expression of f(z) = Az+ Bz + C, + C — C, we have:

' —
z —Zw"q —ﬁ(z—zww)+@(z—z%)

(44)
i0, .
p.le™|ib, (z - Z,, )z + (aq2 +ib,, )(z " Zy, )+ Zap, "0, |t 20, "0, |t Za, T C-C,
Soq
I Ry ) o)) |
7{(["0(1 ~/’n)|:(&(€oq ,luoq) (j;m )}(2)
tﬁq{ﬂ(%q W{RW ) (fupﬂ(z)
(45)
With,
‘7{‘((0{“’,;)”) (Z) = pn (Z - Zw(,q ) + Zu)m]
ﬁ( )(Z)Ieig"" (Z—Zw )+Zw
Oog @oq oq oq
Jfog(2)=ib,, (z -z, )z + (aq2 +ib,, )(z -z, )+ Z4,,
T, , = Z+C+C,
(46)

Theorem 15. If detM(14,) < 0 and z,, and 1 —2Re(A) + |A|? — |B|?> = 0 and
BC —C(1 —A) = 0, then the f complex application is the composite of foq oblique symmetry

directed by the vector m (COS((poqa’oq), Sin((poq - aoq)) which makes the angle a4 such as

, VI1Al2=|B|? . , .
Sin @oq = = as for to an axis Ayg making the angle @oq as for to an axis (0, ) by

the rotation of the center Wyq, the angle 6,4 such as 6,4 = arg (A) + g and by homothetic of the



1078 | Journal of Research and Multidisciplinary, Volume, 8 Issue 2, September 2025

center Wyq and the ratio py and by translation with translation vector Toq such as 27,0 the affix

of translation’s.

Example 3. Let f be the complex application defined by : f(z) = iz+ (1 + i)z + 2 + 3i.
[t is wvery easy to werify graphically that f is the composite of the oblique symmetry f,q defined by:

foq (z) = —iz+ (=1 — i)Z — 4 — 4i directed by the vector 17(—1, —1) which makes the angle
Aoqg = % relative to Apg : X + 2 = 0 axis, making the angle @oq = % relative to (0, 1) axis, by
the rotation of center wyq(—2, —1) and of angle 8,4 = T and the homothetic with ratio p, =1
and with center wogq, and by the translation tm an translation vector Tpq an affix 27,0 = 241

It is very easy to verify directly that the image of point My(0, 0) is point

M'y(2, 3) = f(M,). This result is well proven in Figure 7. It can also be verified using
expressions (47).

AL ] ti( M) F(M)

H (M)

H

fm,(-“ln) = AI]

FIG. 7: Figure corresponding to Example 4.

T, =z+2+i
}[(w”q’pn)(z)zz
Q{(H (D)=—z—-4-2
fog(2)=—iz—(1+i)z—4-4i of axisx+2=0,V(-1,-1)

(47)

From where, f(z) = T—oc;o}[(woq, pn) © R(woq, )Ofoq (2).

Ooq

7.3. Case where detM1,2) = 0
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The detM(;4;) = 0 means that f is not one-to-one. In other words, the system
diffuses in the f complex application is bound. Hence the following theorem.

Theorem 19. If detM(;1) = 0, then the f application is not one-to-one and its image is the
line passing through C and U A+B = OA + OB of director wector. That is Im(f) =

Indeed,

ﬂZ-i—@;-i—C:Z'
U
(a,+a,)x+(b,—b)y=x"-x,

(bl +b2)x+(a1 _az)y:y'_yo

(48)

The main determinant denoted by A, of this system is none other than
detM,,, = |A|? — |B|?. This means that the two equations are homogeneous. Hence,
this equation can still be written in the form below:

{[@(ﬂ%)]x{m(@—ﬂ)]y=x'—91e(c)
[rm(A+®) Jx+[Re(A-8)]y=y—1m(C)
(49)

which is still equivalent to
[x'=Re(C) ][ 1m(A+B)]~[ y'—1m(C)][ Re(A2+3B)] =0

From where:

x'-Re(C) Re(A+B)

=0
ety'—lm(c) Im(A+®)

Example 5. Let f be a complex application defined by : f(z) = (3 + 2i)z+ (2 —3i)Z+
2 + 2i. It is very easy checking that Im(f) = {M € P/C—M)//l_fA+3: —x—5y+12= 0}.

7.4. Case where detM1,2) > 0

This case confirms that M. is decomposing into a homothetic with p,, positive ratio

and two isometrics one of which is positive and the other is negative. That is to say f can be
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written in the form: f = f,, 0 where f, = H oR oS
f = fn,00n, fo (0oq.pp )07 (00q.w0q) (A(oq, woq'//x,ox))
and fp, = foq. Using the expression of M.z and Mi+q), this composition is equivalent to

M142) = pp X Mg, X Ms(A( o) X M(g1+42) = Pp X Mg, X K X M(q1142)-
0q, wogq.//x'0x

That this:

al+bJ+a,K+b,L=p,(Icosf, +JsinG, )K(Jb,+Ka ,+Lb,,)
=p, (I cos6,, +Jsin Haq)(la b, —qul)
= ,/)p[[(aq2 cosd,, +b,,sin 0,q)+ J(aq2 sing,, —b,, cosQ}q)+Kbq] sind,, —Lb,, cos0,,]

0

(50)

Indeed, this equation is of unknowns  pp,bg1,aq2, bg2,0pq- So that, by

identification, we have:

a
: 2
b, sinf, =—=

)4

b
b, cos0, =——

Py

a

3 —_1
a,cos6, —b,sinf, =—
Py

5 — 1
a,sin6, +b,cos0, =—
P

(51)
The relation (49) leads us to have the relation (50) defined by:

2

py =\lAF I
"
ClAf el
sin6,, =— Reléf)
cosd,, In|lq(3|@)
L Re(®) ()~ mm(®)Re (1)
N P, 1A
o - Re(A)Re(B) + () 1m(B)
N P, 1A

(52)
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What’s more,
AB=[ Re(A)+itm(A) ][ Re(B)-ifm (B) ]
e (A)Re (@) 1 (1) () i [ Re () (1) - Re () 1 ()]

(53)

On the other hand,

cosO, +ising, = Im(@) —1 (Rg(@) = —i[(&e(@) +iIm(@)J
|3 |3 || |3
(54)
The relation (49) leads us to have the relation (50) defined by:
p,=lAf ~|8]
1
A o
sing,, =— Re(®)
||
cosd,, = Im ()
|3
T
90(] - arg(@) _5
)
T el e
Re(A5)
a = 2 2
ACNEEE

(55)

A- Case where fadmits a fixed point

In the case where f admits a fixed point z, (1 — 2Re(A) + |A|? — |B|? # 0), and
given the decomposition of M4z = pp X My, % Ms X M(g14+q2) =
(c0a. woqisx1om)

Pp X Mg, X K X Mg1+42) leading to the result of the

expression (53), then we have: Let us recall in passing that:
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S(A,,q S0, //'x'Ox) (Z) = (Z - Z”Juq ) + Z“’m/
0,
R(m”qﬁw)(z) =e ™ (z —Z,, ) +z,,

6,
R R ]@>—e'(&—z%)+aw—z%)+z%

ot
s

og

S[A " jof(z) = ot ((f(z) —Z,, )+ 24, " Za, )+ z,
og *@og ey x'Ox
H

o) =Py (2720, )20,

H oS 0 Jof (2)= P, (eig‘"’ ((f (z)— Zo,, )+ 2o, " Za,, ) +z, —Z,, )+ Z,,,

((an,/’;v) (Auqv"’oq»%’f'ox

T,=z+C
T oH oS Y of (z)=p e'g"“((f(z)—z )+z -z )+Z -z, |+z, +C
oq (@0g-2,) [ Ay, e ()x] g P @, o @, @, @, @,
q>%oq "
(56)
z'-z,=A(z-z,)+B(z-z,)
(57)
Given this relationship, for w,q = w we have:
¢ \ib (z-z Vz+(a,+ib Mz-z )+z -z |+z -z |+z
P q1 @y q2 q2 @y W, “, W,y Z oy @,
Joq
S(Auq 100/ x'0x) (fog)(2)
ﬂ(%q )ﬂn)|:S(Aaq g /1 x'Ox) (og ):|(Z)
(58)

From where :

f(Z) = }[(maq’p”)OS[A

Lo—L /) x'Ox
oq >

o ]Of;,q (2)

Theorem 14. If detM;1) > 0, then for any given f complex application, the two angles
(oq and Poq associated with the foq complex application which is extracted from f are such as

IBI2—|Al? a 1 = T
Uoqg =15 —and Poq =7 + sarg(AB) — .

Theorem 15. If detM(;,,) <0 and z, (1 — 2Re(A) + |A|? — |B|? # 0) exists
and is unique, then the f complex application is the composite of f,q oblique symmetry directed by the

vector Vpq (COS((qu - aoq), Siﬂ((poq - aoq)) which makes the angle ayq such as sin ayq =
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VIAI2=|B|?
|B|
symmetry Sca y compared to the axis A ) with equation

0 0q
(04, woq, —5L%xI0x) (00, woq, —%x70x)

as for to an axis A,q making the angle ¢4 as for to an axis (0, 1) by the orthogonal

6 ) ‘
Clx—x sin—=2—(x—y cos =X and by homothetic of the
Woq 2 Woq 2

6 .
(0q, woq, %%xlox)

center Wyq and the ratio py,.

Example 2. Let f be the complex application defined by : f(z) = (—2 + 2i)z — 2iz + 3.
It is very easy to verify graphically that f is the composite of the oblique symmetry foq defined by
foq (z) = —iz+ (1 + i)Z directed by the vector V(l —1) which makes the angle Aoq =
relative to Ayg ¥y = 0 axis, making the angle @,q = % elative to (0, 1) axis, by the orthogonal

symmetry as for to an axis A f0q tx—1=0 and the homothetic with ratio
(0q, woq T%xlox)

Pn = 2 and with center w,4(1,0).

It is very easy to verify directly that the image of point M;(1, 1) is point
M’ (-3, 2) = f(M;). This result is well proven in Figure 8. It can also be verified using
expressions (59).

(Aor)
M,

14 c
. \ (Aog)
3 5 4 0 2N\d 4_55 i 5
/ W1, -1)
Mg, LN 72

Sa, (M

) - -ﬂI.'i fuq(ﬁ'fl) = M,

1=

M N
-f-lnr;(ﬁ‘f:i) = f(ﬂ.ﬁ)

FIG. 8: Figure corresponding to Example 6

}[((Uq pn)(z) =2z-1

S J(Z):_E+2 of axix x—1=0

[
[Aoq 2 Woq ,%//X'OX

fog(2) = —iz+(l+i); of axis y=0;V (~1,1)
(59)
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A

6
(0q, wogq, gq%xlox)

From where, f(z) = .‘H‘(woq' on) © S( )Oﬁ,q (2).

B- Case where 1 — 2Re(A) + |A|* — |B|>? =0 andBC—€C(1 - A) =0
As we have already announced in paragraph 4, these two cases tell us that the f
complex application admits an infinity of fixed points. It is then clear from Corollary 2
that f has the set of points invariants of which Inv(foq) defined by nv(f): x[1 —
Re(A + B)] + ylIm(A — B)] — x[Im(A + B)] + y[1 — Re(A — B)] = Re(C) +
Im(C). We can then choose one of this bridge whose wyq. Which means that:

' —
z —Zw"q —ﬁ(z—zww)+@(z—z%)

(60)
b +(a,,+ib +z -z |+ +
IOn e 1 1 Z- Zwaq Z aq2 l 2 Z- anq Zwoq anq Zwoq - Zwoq Zwoq
Jog
Sy g o) fr K2
}[(woq ‘Pn) [S(Aoq +Qog /’r"A"Ox) (f"q )}(2)
(61)

From where :

SO =95, 0]

A ,w%//x'Ox

Theorem 15. If detM(142) < 0 and z,, and 1 — 2Re(A) + |A|?> — |B|?> = 0 and
BC — C(1 —A) =0, then the f complex application is the composite of foq oblique symmetry

directed by the fvectorvo_c{ (COS ((poq - aoq)’ Sin(gooq - aoq)) which makes the angle @,q such
VIAI2-|B|?
]

the orthogonal symmetry S, y compared to the axis A

6
(0q, wogq, gq%xlox)

assin Aoq = as for to an axis Ayg making the angle @,q as for to an axis (0, 7) by

) with
Wogq %%xlox)

6 o .
equation A X — xwoq) sm% — (x — ywoq) cos % and by homothetic

[} . (
0q, Wogq, %%xlox)

of the center wyq and the ratio py,.
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Example 2. Let f be the complex application defined by: f(z) = (1 + i)z + iZ. It is very
easy to verify graphically that f is the composite of the oblique symmetry foq defined by: foq (z2) =
—iz + (1 — i)Z directed by the vector I_/)(O, 1) which makes the angle Aoqg = % relative to Ayq *
Y = —X axis, making the angle @, = % relative to (0, T) axis, by the orthogonal symmetry as for

to an axis A y=0 and the homothetic with ratio p, = 1 and with

6oq :
(0q, woq T%xlox)

center Wyq(0,0).

It is very easy to verify directly that the image of point M;(1, 1) is point
M'; (=3, 2) = f(M,). This result is well proven in Figure 9. It can also be verified using
expressions (63).

Sor(Mz) = My = H(My) = f(M)

M,

(Ds )°

foq(My) = M \

FIG. 9: Figure corresponding to Example 7

7{(%%) (z)==z

S

o,
[Aaq Dy ,%//X'Ox

J(z)=2 of axix y=0

fog(2)=—iz+(1+i)z ofaxis y=-x;V(0,1)
(63)

A 0
(0q, wogq, gq%xlox)

From where, f(2) = .‘H‘(woq' pn) © S( )Ofoq (2).

C- Case where 1 —2Re(A) + |A|>? = |B|?=0andBE—C(1—-A) #0

Paragraph 4 has already confirmed that this case corresponds to the non-existence of
a fixed point of the corresponding f complex application. In this case, we are going to
construct a complex constant C, so that BC, — C,(1 — A) = 0. It is then clear from
Corollary 2 that f has the set of invariant points whose nv(f) defined by
nv(f): x[1 — Re(A + B)] + ylIm(A — B)] — x[Im(A + B)] + y[1 — Re(A —
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B)] = Re(C,) + Im(C,). We can then choose one of this bridge whose w,q. Hence the

theorem following.

Theorem 17. For any f complex application, if 1 — 2Re(A) + |A|?> — |B|?> = 0 and
BC — C(1 —A) # 0, then there exists C, = ik(1 + B — A) where k € R* werifying BC, —
C,(1—A)=0suchas f(z) =Az+Bz+C,+ C — C,.

Given the expression of f(z) = Az + BZ+ C, + C — C, we have:

' —
z-z,, —jl(z—zwoq )+@(Z—Zwuq)

(64)
i0, . .
e lbql (Z i Zw{)q )Z i (aqz + lb‘ﬂ )(Z B Zw,)q ) + Zw{,l, - Zwm, + Zwoq - Zcum, + Z(o{,q +C-C,
Joq
N —
[Auq 0o ,Q"Tq//xvoxj (fog N(2)
H, S ‘ )
(0}0(]’/’n)|: {Auq,%q,@%/u,@(j(.f”q )}( )
_ s |
tTvq |:7{(wﬂqvﬂn{ [Auq,wuq_g% ’/X'Ox] (foq )\|‘|(z)
(65)
With,
AT,
o, (1 _
S O (z)=e™ ((z -z, )+ 2, ~Z, )+ ‘.
A g sBpqs—-x'Ox
2
f;q (Z) - ibql (Z B Z%q )Z + (aQZ + ibqZ )(Z - Zwoq )+ Zcuoq
7:,q =z4+(C+ Cg
(66)

Theorem 15. If detM(y4,) < 0 and z,, and 1 — 2Re(A) + |A|?> — |B|?> = 0 and
BC —C(1 —A) = 0,, then the f complex application is the composite of foq oblique symmetry

directed by the Uectorm (COS((poq - aoq), Sin((poq — Oloq)) which makes the angle @4 such

. |-AI2-|B|? ‘ . ‘
assin Aoq = BT for to an axis A,q making the angle Qo4 as for to an axis (0, V) by
the orthogonal symmetry S compared to the axis A ) with
g Y Ty (4 Ooq ) b . Wogq, %%xlox)

(0q, woq, > %x!0x)
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6 0 .
equation A X — xwoq) sm% - (x - ywoq) cos % and by homothetic

ory .
0q, Wogq, %%xlox)

of the center wyq and the ratio py,.

Example 2. Let f be the complex application defined by : f(z) = (1 + i)z + iZ +4-3i. It is
very easy to verify graphically that f is the composite of the oblique symmetry foq defined by: foq (2) =
—iz + (1 — i)Z directed by the vector 17(0, 1) which makes the angle Aoq = % relative to Ayq *
Yy = —X axis, making the angle ¢oq = % relative to (0, 1) axis, by the orthogonal symmetry as for

to an axis A y=0 and the homothetic with ratio p, = 1 and with

6 .
(09, wogq %%xrox)

—
center Wyq(0,0), and by the translation tm an translation vector Toq an affix 27, = 4 + 3i.

It is very easy to verify directly that the image of point M;(1, 1) is point
M'{ (-3, 2) = f(M;). This result is well proven in Figure 10. It can also be verified using
expressions (67).

) = My = H, (Mj)

(L2s.)

—— \ T M) = f(My)
.=1) _ |

Fog( M) = M,

FIG. 7: Figure corresponding to Example 4.

i[ =z+4+43i
?-[(%q,p”)(z):z
S

a, =z ofaxis y=0
JAPRC —//x'Ox

foq(z):—iz+(l—i)2 of axis y =—x, V' (0,1)
(67)

A 6
(0q, wogq. gq%x’ox)

From where, f(z) = }[(woq’ pn) © S( )Ofoq (z
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8. Application

In a plan provided with an orthonormal reference (0, 1, J), we consider an oblique
symmetry of axis A; x +y — 3 = 0 of direction vector (-1, 1) making an angle ¢ =
%n compared to the axis (0,7), directed by a vector W(a' , b") making an angle a = g
compared to A.

> Exercise 1

e Give the coordinates V'(a’, b") of vectors depending on ¢ and a.

e Give the analytical and complex expression of this symmetry. Check if this
expression represents oblique symmetry or not.

. . . 3
e Give these expression if @ = >

» Exercise 2
Let f1, fo, f3, fa, fs and fg be the complex maps defined by:

f](z):(\/g—i)z+[\/§+l—i(\/§—l)]g
fi(@) =iz +(1+i)z+4i
f3(z):z‘z+(1+i)2+1+4i
fi(2)=(-3+3i)z-3iz+6
fi(@)=(1+i)z+iz—2+4i
fo(z)=—iz—(1-i)z

Characterize the six complex applications indicated above.

9. Conclusion and Perspectives

In this paper, we found that the meaning of geometric propositions is to translate
situations geometric by scenarios between properties in mathematics. This is the case of the
theorem of several elaborations of the models of the entire theorem existing in the
literature, which translates the situations of the sum, geometric elements. It is for the
benefit of the meaning of what is taught that oblique symmetry and its fields of application
must have their place in education. These thoughts on teaching are based on an analysis of
curricula, textbooks and teaching practices. But they are also based on a historical reading
of mathematical texts. It is also important to notice that this work has allowed us to solve
problems of general, analytical and complex expression, of a symmetry oblique generating
the general, analytical and complex expression of an orthogonal symmetry. We will think
to try to emit some reflections on this approach on the symmetries of molecules and crystals
based especially on a molecule or a crystal which is defined in quantum mechanics by the
wave function of all its constituents, nuclei and electrons. But for many uses, one can model
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the structure simply by the positions of the centers of atoms or ions. The notions of
symmetry of the molecule or the crystal can indeed be defined as the isometrics of the space
which are also automorphisms for the monadic predicates of structure. Also, we will
consider in its application on the extension of the notions of the studies on periodic
trajectories (oscillations, vibrations, satellite movements) which are structures spatio-
temporal symmetric for certain translations in time.
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